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Figure 5: Bulk Nusselt number, 𝑁𝑢 ≡
ത𝑞𝑤 

𝜅 Θ𝑚 /𝐷ℎ 
=

4𝑅𝑒𝜏𝑃𝑟 

Θ𝑚
+  , as a function of  (a) bulk Reynolds number 𝑅𝑒𝐷ℎ, and (b) Prandtl number 𝑃𝑟. Two radius ratios, 

𝜂 = 0.1 and 0.7, are shown for (a) fixed 𝑃𝑟 = 1 varying 𝑅𝑒𝐷ℎ and in (b) fixed 𝑅𝑒𝐷ℎ = 1.77 × 104 varying 𝑃𝑟. The empirical correlation (dotted line) [6] 

for Prandtl numbers close to unity and another empirical correlation (dashed line) [7] for Prandtl numbers much lower than unity are given for comparison.
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Figure 6: Local Nusselt number 𝑁𝑢𝑖/𝑜 =
𝐷ℎ 

Θ𝑚
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 𝜕𝑟
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 at the cylindrical inner and outer wall, respectively, for Prandtl number (a) 𝑃𝑟 = 0.71 and

(b) 𝑃𝑟 = 0.025, bulk Reynolds number 𝑅𝑒𝐷ℎ = 1.77 × 104 and various radius ratios 𝜂. Available reference DNS data [5] is given.

Figure 3: Mean perturbation temperature profiles
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Reference DNS data [5] is given.

One-dimensional turbulence (ODT) model [1] is a dimensionally reduced flow model that 

can be economically utilized as a stand-alone tool. ODT offers full-scale resolution of  

the instantaneous velocity and temperature profile along a 1D radial coordinate [2] by 

modeling the advection terms using a stochastic process. 

Here, we consider pressure-driven (Poiseuille flow) annular pipe flow with no-slip and 

constant heat flux boundary conditions on the inner and outer cylindrical walls. The 

governing equations can be written as [3,4,5] : 

♦ Challenges:
◊ High computational cost of  conventional model (DNS/LES)

◊ Curved geometry adds complexity

◊ Limited availability of  validation and experimental data 

◊ Forward modeling of  coupled turbulent heat and momentum 

    transfer in annular pipes

♦ Objectives:
◊ Investigate Reynolds and Prandtl number dependence of  the Nusselt number

◊ Understand the role of  spanwise curvature on the heat transfer in annular pipe flow

◊ Use One-dimensional turbulence (ODT)  as a standalone tool to simulate turbulent flow
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•  𝛼𝑂𝐷𝑇 : Energy Distribution parameter

• 𝐶𝑂𝐷𝑇 : Eddy frequency parameter

• 𝑍𝑂𝐷𝑇  : Viscous penalty parameter

Figure 2: (a) Schematic of  the annular pipe flow configuration with the wedge-like radially oriented ODT domain (line) is sketched. No-slip and constant 

heat flux boundary conditions are prescribed at the annulus walls. Instantaneous temperature profiles at different simulation times for Prandtl number     

(b) 𝑃𝑟 = 0.71 and (c) 𝑃𝑟 = 0.025, bulk Reynolds number 𝑅𝑒𝐷ℎ =
2 𝑅𝑜−𝑅𝑖 𝑈𝑏

𝜈
= 1.77 × 104 and radius ratios 𝜂 = 𝑅𝑖/𝑅𝑜 = 0.1 . 𝐻 = (𝑅𝑜 − 𝑅𝑖) / 2 .
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where 𝑢𝑖 𝑖 = 𝑥, 𝑟, 𝜃  is the cylindrical components of  the model-resolved instantaneous velocity vector, Θ the 

perturbation temperature relative to the axially increasing mean wall temperature ത𝑇𝑤, due to 𝑑 ത𝑇𝑤/𝑑𝑥 is constant, 𝑡𝑒 

the stochastically sampled times of  eddy events affecting the velocity and scalar by 𝜀𝑢 and 𝜀Θ, and 𝛿 𝑡 − 𝑡𝑒  is the 

Dirac delta function. Eddy events are modeled by spatial mappings in the form of  radial 1-D.
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Figure 4: (a) Schematic Thermal boundary layer over the (a) outer and (b) inner cylinder wall for various radius ratios, 𝜂 = 0.02 to 0.7, and two 

Prandtl numbers, 𝑃𝑟 = 0.71 and 0.025, with fixed bulk Reynolds number 𝑅𝑒𝐷ℎ = 1.77 × 104.
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𝜖1 and  𝐷1
+ are constants, which can be obtained with least square fitting.

♦ The conductive-dominated region

◊ In the region very close to the inner cylinder

◊ Assume that   𝑣′Θ′ ≪ α
𝜕ഥΘ
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   and  𝑅𝑖 ≪ 𝑅𝑜 
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♦ The turbulent-heat-flux-dominated region

◊ In the region not close to the inner cylinder

◊ Assume that  α
𝜕ഥΘ

𝜕𝑟
≪ 𝑣′Θ′  and  𝑅𝑖 ≪ 𝑅𝑜

◊ Apply the eddy diffusivity approach  𝑣′Θ′ = −α𝑡
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Figure 7: (a) Boundary layer profiles of  the mean perturbation temperature over the cylindrical inner wall for 𝑅𝑒𝐷ℎ = 1.77 × 104, 105 and 106 (shading 

of  lines from light to dark) investigating 𝑃𝑟 = 0.71 and 0.025, respectively, for the fixed radius ratio 𝜂 = 0.1 . Radius ratio dependence of  the profile 

parameter (b) 𝜀1
+ and (c) 𝐷1

+ obtained by fitting the analytical expressions to the ODT simulation results in the vicinity of  the cylindrical inner wall. 
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We assume that the mean flow is fully developed and axisymmetric. 

After applying the temporal average to the passive temperature 

equation (2),  re-arranging, and integration over 𝑟, yields the turbulent 

heat flux balance equation as 

◊ Wall-curvature coefficients vary systematically with radius ratio 𝜂, approaching the planar law-of-the-wall as 𝜂 → 1. 

◊ Increasing 𝑹𝒆𝑫𝒉 strengthens the logarithmic thermal layer, with a distinct log region emerging for low Prandtl 

number 𝑃𝑟 = 0.025 at high Reynolds numbers.

◊ ODT accurately predicts mean temperature profiles and the 

thermal law-of-the-wall for 𝑷𝒓 = 𝟎. 𝟕𝟏 . 

◊ Low 𝑷𝒓 (𝟎. 𝟎𝟐𝟓) leads to heat transfer dominated by thermal 

diffusion, with profiles close to the conductive solution. 

◊ Wall curvature creates thinner inner-wall and thicker outer-

wall thermal boundary layers. 

◊ Outer-wall profiles follow the planar law-of-the-wall, while 

inner-wall curvature causes significant deviations.

𝛼𝑂𝐷𝑇 = 1/6, 𝐶𝑂𝐷𝑇 = 5  and  𝑍𝑂𝐷𝑇 = 400 

are used here [4]

◊ Bulk 𝑵𝒖 increases monotonically with increasing 𝑷𝒓 and 𝑹𝒆𝑫𝒉 .

◊ ODT agrees well with empirical correlations (<5% for high 𝑹𝒆𝑫𝒉, <10% for 𝑷𝒓 ≥ 1). 

◊ 𝑵𝒖 at the inner cylinder wall is systematically higher than at the outer wall ; the disparity increases as 𝜼 decreases. 

◊ Wall curvature remains important even at 𝑹𝒆𝑫𝒉 = 106, influencing both bulk and local heat transfer.
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