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The predictive capabilities of numerical simulations for applications with coupled heat and
momentum transport crucially depend on the fidelity of the numerical approach and the appli-
cability of models for the unresolved scales. This concerns wall-bounded flows in general
and transfer-limited applications in particular since these require an accurate representation
of the scalar and momentum boundary layers. In engineering applications, such as cylindrical
heat exchangers (e.g. [1,2,3]) or chemical reactors (e.g. [4]), further complications arise due
to spanwise wall curvature and modification of boundary layer profiles (e.g. [5,6]). A canoni-
cal flow configuration for such devices is heated annular  pipe flow, which is sketched in
Fig. 1(a). Fluid is confined between two concentric coaxial cylinders and an axial mean flow
is driven by a prescribed axial pressure gradient. In addition, the fluid is weakly heated by a
prescribed wall heat flux qw or, alternatively, by isothermal inner and outer cylinder walls
that are held at different temperature (not shown here). 

In  filter-based  approaches  like  Reynolds-averaged  Navier–Stokes  simulation  (RANS)  or
large-eddy simulation (LES), the ensemble effect of turbulence is usually modeled based on
gradient-diffusion  closure  assumptions  that  date  back  to  Boussinesq  [7]  for  RANS  and
Smagorinsky [8] for LES, respectively. In these approaches, it is usually not feasible to re-
solve small-scale turbulence in the vicinity of the wall. Instead, wall models (WM) are used
[9,10]. For RANS, this means bypassing details of near-wall turbulence by prescribed wall
functions. For LES/RANS near-wall  turbulence is resolved in an average sense, and it  is
partly resolved in WMLES while an additional set of equations for the unresolved wall-shear
stress and surface heat flux is solved. Unfortunately, the predictive capabilities of these ap-
proaches can be very limited when the application case differs from the calibration case. This
is demonstrated in Fig. 1(b) for radial profiles of the normalized mean axial velocity in con-
centric annular pipe flow that have been obtained with OpenFOAM [11] (version 9) using the
wall-adapting local eddy-viscosity (WALE) model with default parameters that have been cal-
ibrated for channel flow. For various radius ratios, η=Ri /Ro, a strong dependence on the grid
resolution (here labeled as low “l” and high “h”) can be discerned.

The mentioned shortcoming in wall modeling due to spanwise curvature effects is addressed
in the present study with the aid of the stochastic one-dimensional turbulence (ODT) model
[12] formulated for cylindrical geometry [13]. ODT is a dimensionally reduced flow model that
has been utilized recently as stand-alone tool for forward-modeling temporal boundary layers
[14], differentially diffusing scalars in turbulent channel flows [15,16,17], and variable-density
effects in heated pipe flow [18]. The model has recently also been used as subfilter-scale
[19] and wall [20] model in LES demonstrating fidelity improvements at affordable cost. In the
present study, stand-alone ODT is utilized in order to address radial transport processes by
modeling turbulent stirring motions by a stochastically sampled sequence of radial mapping
events  that  punctuate  the continuous  molecular-diffusive  flow evolution.  Fig. 1(c)  demon-
strates in terms of radial profiles of the normalized mean temperature profiles that ODT pre-
dictions for weakly heated annular pipe flow at moderate friction Reynolds (Reτ∼300) and
Prandtl (Pr=0.7) numbers are in reasonable agreement with available reference DNS. A
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similar level of fidelity is obtained for the ODT mean axial velocity (not shown here). As in the
case of the LES mentioned above, ODT model parameters have been kept fixed after cali-
bration for channel flow [15,16] by making use of the model’s predictive capabilities.

In the contribution, we will discuss how the heat and momentum transfer to the cylindrical do-
main walls depends on the geometric (radius ratio and thermal wall boundary condition) as
well as physical (Reynolds and Prandtl number) control parameters. We will show that the
stochastic model is able to capture radius ratio, Reynolds, and Prandtl number effects for
fixed model parameters and, thus, exhibits good predictive capabilities with respect to the
mean. In addition, we will analyze low-order flow statistics and fluctuation budget balance
equations for the radially asymmetric boundary layers over the inner and outer cylinder, re-
spectively. We will demonstrate that small curvature radii affect boundary layer profiles also
at high Reynolds numbers suggesting that wall modeling over spanwise curvature must be
done carefully and may demand advanced modeling strategies for robust predictions.

Fig. 1: (a) Sketch of the heated concentric coaxial pipe flow configuration investigated. (b) Radial profiles of the nor-
malized mean axial velocity  predicted by  LES (OpenFOAM-9, WALE model) in comparison to reference DNS [6].
(c) Radial profiles of the normalized mean temperature predicted by ODT in comparison to reference DNS [3]. For
both, ODT and WALE, model parameters originally calibrated for channel flow were used and kept fixed.
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