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It is well known that accurate current sharing and voltage regulation are both important, yet conflicting
control objectives in multi-bus DC microgrids. In this paper a distributed control scheme is proposed,
which simultaneously considers these two control abjectives via a trade-off factor. This factor permits
to adjust the degree of compromise between accurate voltage regulation and current sharing. At the
same time, the voltage of a critical node can be precisely regulated. A sufficient condition for closed-
loop stability is given and it is shown that the control parameters can always be chosen, such that
stability is guaranteed. In addition, the steady state voltage and current deviations relative to their
rated values are quantified via suitable metrics. For a given topology and settings of a DC microgrid, a
sufficient condition for the existence of the trade-off factor is provided. The results are illustrated by
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1. Introduction

The efficient and reliable integration of large shares of dis-
tributed generators (DGs) poses significant challenges for the
power system operation. To address (part of) these challenges,
microgrids have been proposed as a conceptual solution (Lasseter,
2002). A microgrid is a locally controllable system on the distri-
bution or sub-transmission level formed by several DGs, storage
units and loads. While the legacy power system is operated with
alternating current (AC), the implementation of direct current
(DC) systems and in particular DC microgrids can be advanta-
geous in diverse settings, including data centers and industrial
production sites (Justo et al., 2013). This has led to an increasing
attention on the operation of DC microgrids in both power and
control communities in recent years (Cucuzzella et al.,, 2018; Liu
et al,, 2018; Maknouninejad et al., 2014; Nahata et al., 2020;
Nasirian et al,, 2015; Tucci et al., 2018).
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In the present paper, we focus on two main control objectives
in the operation of DC microgrids, namely voltage regulation
and load sharing. Voltage regulation seeks to maintain the bus
voltages within a reasonable neighborhood around their rated
values. Load sharing means to ensure a fair power allocation
amongst DGs. In DC microgrids, the objective of load sharing is
often implemented in terms of current sharing (Dragicevic et al.,
2015). To achieve these objectives, usually a hierarchical control
scheme is adopted in DC microgrids (Bidram & Davoudi, 2012).
Therein, in the primary control layer mostly the droop control
method is employed to realize the coordination of DGs without
communication, and a secondary control layer is used to improve
the current sharing accuracy and support the stabilization of the
bus voltages. In order to avoid a single point of failure caused
by centralized control approach, such secondary control schemes
are often implemented in a distributed manner (Dragicevic et al.,
2015; Liu et al,, 2018). In this situation, each converter has an
independent coordinating controller and a sparse communication
network is constructed to exchange information between these
controllers. This setup is also adopted in the present work.

Generic meshed DC microgrids with long-distance transmis-
sion lines can be modeled by multi-bus DC microgrids, where
impedances of the transmission lines cannot be neglected. In
multi-bus DC microgrids, voltage regulation and current sharing
turn out to be conflicting objectives (Han et al., 2019). In light of
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this conflict, most available control approaches thus far prioritize
accurate current sharing over precise voltage regulation (Han
et al,, 2018). In Nasirian et al. (2015), a distributed control strat-
egy was proposed to achieve accurate current sharing, and the
average voltage of all DGs is observed in a distributed manner and
regulated to a rated value. Similar approaches with average volt-
age regulation are proposed in Tucci et al. (2018) and Cucuzzella
et al. (2018). But such strategies do not guarantee admissible volt-
age deviations between buses, which is undesirable for scenarios
when all bus voltages are required to be within normal operating
ranges.

Restricting bus voltage deviations is considered jointly with
current sharing in Han et al. (2019), where a compromised control
approach is proposed. However, the compromise between current
sharing and voltage regulation is not quantified and a guidance
for design of the control parameters is not explicitly provided.
An optimal control method to simultaneously achieve voltage
regulation and current sharing is reported in Ding et al. (2018).
Yet, the mechanism of interaction between voltage regulation
and current sharing is complicated and the relationship between
controller parameters and customer demands is not established.
In Cucuzzella et al. (2018), a manifold is designed, integrating
both objectives of current sharing and voltage regulation. How-
ever, the accuracy of current sharing and voltage regulation is
difficult to adjust according to the operating demands.

It follows from the above literature review that to date a suit-
able control law enabling a dedicated compromise between volt-
age regulation and current sharing is not available. This motivates
the present paper, in which the following main contributions are
made.

e Adistributed control law is proposed that takes both current
sharing and voltage regulation into consideration. It features
a trade-off factor to effectively adjust the compromised de-
gree of current sharing and voltage regulation. Meanwhile,
the voltage of a critical node, such as the node whose load
is very sensitive to its operating voltage, can be precisely
regulated.

e A sufficient condition for exponential stability of the closed-
loop system’s equilibrium point is given. In addition, it is
shown that there always exists a choice of control parame-
ters that guarantees stability.

e Expressions for the steady state voltage and current devia-
tions are provided via suitable metrics.

e A sufficient condition for the existence of the trade-off factor
is provided.

Notations. The identity matrix is denoted by E. The notation 0
denotes zero scalar, vector or matrix with appropriate dimen-
sions. A diagonal matrix is denoted as diag(gi, g. ....g,) with
g € R being the ith diagonal entry. A matrix A = [a;] € R"™"
is said to be nonnegative (positive), denoted by A > 0 (A > 0),
if aj = 0 (g > 0) for all i, j. The Euclidean norm of a vector x is
denoted by [|x]|. The inner product is denoted by (-, -).

2. Preliminaries
2.1. Graph theory

The communication network of a DC microgrid is modeled by
a graph G = (v, &), where V = {vq,..., vy} denotes the set of
nodes, i.e. DGs or buses, and £ € V x V denotes the set of edges,
i.e,, communication links. The topology of a graph is captured by
its adjacency matrix .A = [a;] € RV*V, where g; is the weight of
edge (vj, v;), and a;; > 0 if (v}, vi) € &; otherwise a; = 0. When
a; = aj;, Vi, j, the graph is undirected; otherwise, it is directed. A
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graph with adjacency matrix A is denoted as G(.A). The Laplacian
matrix £ = [lj] € BRV*N of G is defined as I = ZN , @ and

lij = —aj; if i # j. An undirected graph is connected, i there is a
path between any two nodes. The adjacency matrix and Laplacian
matrix of a connected undirected graph are irreducible (Lewis

et al,, 2014).
2.2. DC microgrid model

We consider a generic DC microgrid, in which loads are rep-
resented by constant impedances.! This results in a differential—
algebraic system. The algebraic equations can be eliminated via
the Kron-reduction method (Bergen & Vittal, 2000). We assume
this network reduction has been carried out and consider the
Kron-reduced microgrid formed by N > 1 nodes.

Following standard practice (Zhao & Ddrfler, 2015), we assume
that each DG can be represented by a controllable voltage source.
Similarly to the case of AC microgrids (Schiffer et al, 2016),
this is reasonable if the low-level controls of the converters are
sufficiently fast compared to the higher-level controls and the
converters can increase and decrease their power output within
a certain range. Thus, the DGs are modeled by

V=u,

where V = [Vy, ..., Vy]" € R" is the output voltage of the DG
converters, and u = [uy, ..., uy]" € R" is the associated control
signal for the converters.

Due to the low operating voltage level of DC microgrids, the
impedance of power lines in the system is dominantly resistant.
Therefore power lines can be modeled by pure resistances in
DC microgrids (Beerten & Belmans, 2013). Then, the power line
connecting two nodes i and j in the microgrid is represented by
the resistance R; > O with associated admittance Y; = R‘; If
nodes i and j are not directly connected, then Y; = 0. The
presence of resistive loads leads to shunt-admittances \?,-i = Rl
and ﬁ,»,» = 0 for at least one node in the reduced network. Then,
the electrical network of the DC microgrid can be described by
the following nodal voltage equation (Bergen & Vittal, 2000)

=YV (1)
where I = [I;,....Iy]" € R" denotes the nodal currents and
Y = [yj] € RY*N denotes the admittance matrix, where y; =

Zj# Yy + ?if and Vi = —Yj.
2.3. Conventional I — V droop control

The primary control of each DG adopts the standard | — V
droop control law (Dragicevi¢ et al., 2015; Lu et al., 2014), which
can be expressed in a compact form as

V =V — Al (2)

where V¥ = [VF, ..., Vg]T. A = diag(rq.....ry), r; denotes
the droop coefficient of the ith DG, and V;* denotes the output
voltage reference, which can be either a constant or provided by
a secondary control law (i.e., a higher-level control). The latter is

1 Load modeling is a challenging task in power system analysis and there
is no uniform load model to characterize all different kinds of loads in a
microgrid (Kundur, 1994). This, of course, also applies to the constant impedance
load model employed in this paper, which may not accurately represent a
dynamic or constant power load over their whole operating range. However,
in a neighborhood of an operating voltage, a constant power load can be
approximated by a negative resistor, thus resulting in an impedance load (Liu
et al., 2018).
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the scenario adopted in the present paper. Moreover, the droop
coefficients are usually chosen as

A=al* !, (3)

where « is a positive constant, I* = diag(I}, ..., Ij), and I} is the
output current rating of the ith DG.
In a DC microgrid described by (1) and (2), accurate current

sharing is achieved among DGs, if
L b
oL

=i

(4)

For multi-bus DC microgrids, accurate current sharing will be
deteriorated by uncertain resistances between buses (Beerten &
Belmans, 2013). To achieve accurate current sharing, an estab-
lished way is to employ consensus based cooperative control
strategies to compensate droop control (Nasirian et al.,, 2015).

2.4. Relation of current sharing and voltage regulation

For multi-bus DC microgrids, if accurate current sharing is
attained, then what is the relation between the DGs' output
voltages? The following fact provides an answer, which has an
important implication that, under the constraint of accurate cur-
rent sharing among the DGs, it is impossible to arbitrarily regulate
all bus voltages.

Fact 1. Consider a multi-bus DC microgrid described by (1) and (2).
Assume that accurate current sharing is achieved among DGs. If the
voltage reference V;* of one DG is given, then all nodal voltages and
the voltage references of all remaining DGs are uniquely determined.

3. A control law considering both voltage regulation and cur-
rent sharing

3.1. Problem formulation

For DC microgrids, there are two typical objectives of voltage
regulation: (1) adjust the voltage of a critical node to reach the
rated value; (2) restrict deviations between node voltages and
their rated values. However, according to Fact 1, when accu-
rate current sharing is achieved and the voltage of the critical
node is adjusted to its rated value, voltages of all remaining
nodes are determined accordingly. Therefore, to reduce the node
voltage deviations, the only way is to sacrifice the accuracy of
current sharing, i.e., a trade-off must be made. To formalize these
objectives, we introduce the following notions.

Definition 1. The voltage and current deviation ratios for the ith
DG are defined respectively as

pu_ qpu
A =DV g a2 e
rat Iupg
where Vi, is the rated voltage of the DC microgrid, I = I/I*

is the per unit current of node i, and Iy = Y» IP/N.
Furthermore, the maximum voltage (or current) deviation ratio
is AV, = max;|A]| (or Al = max;|Al|), and t}Ele average
voltage (or current) deviation ratio is AY,, = &>, |AY]| (or

A’ TRE N AI e
avg — N Zi:l | 1[)

; v v i I o

These four metrics Ay, Awgr Amax and A, p10v1d_e mea-
sures of the degree of current sharing and voltage regulation of a
DC microgrid. We are now in a position to state the problem of

interest of this paper.
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Problem 1. Consider the system (1) and (2). Given the voltage
reference V4 at the kth node, and two positive constants /', and
I3, suppose there exist corresponding Vi, i = 1,..., N, such that

Ay < Tyand Al < I7. Design a distributed secondary control

law for the signal V* such that the following three objectives are
achieved

lim Vie= Ve, lim AL, < 1y, lim A, < 11
3.2, Control law design

To solve Problem 1, we propose the following distributed
control law for V;* in (2) as

Vi =¢i+6V; (53)
N

b= ay (¢ — &) + & Vea — Vi) . (5b)
j=1

where a; > 0 are the elements of the adjacency matrix .4 of the
communication graph G(.A), and g; denotes the weight of the edge
from the virtual leader (i.e., V,q) to the ith node, with gi > 0
if node v; is the critical node; otherwise g; = 0. The design
parameter # € [0, 1] is a trade-off factor to adjust the degree
of current sharing and voltage regulation of DGs. When 8 = 0 (or
# = 1), accurate voltage regulation (or current sharing) will be
achieved. By picking # € (0, 1), both current sharing and voltage
regulation will be taken into consideration simultaneously, and
the weights of these two control objectives can be easily adjusted
by 6.

Fact 1 implies that it is generally impossible to regulate the
voltage references of two different nodes to an identical rating,
when accurate current sharing is required. Thus, we need the
following assumption.

Assumption 1. In (5b), g > O for only onei € {1,...,N} and
g = 0 for all j # i. Moreover, the communication graph G(.A) is
undirected and connected.

3.3. Dynamics of the closed-loop system
In this subsection, the dynamics of the closed-loop system of

the DC microgrid (1), (2) with the distributed secondary con-
troller (5) are derived.

Let ® = [¢y,....¢n]" € BN, Then, considering (1), (2) and
(5a), we have
®=(AY+(1—-6)E)V. (6)

If § € [0, 1], then the matrix (E+ (1 —6)Y 'A1) is nonsingu-
lar (Johnson, 1982, Theorem 3). Thus,

V =N(@)®, (7)

where N(6) = [n;] = Y 'A'H(F) and H(F) = [hy] =
(E+(1—-0) Y“A“)fl. Substituting (7) into the compact form
of (5b) yields the closed-loop system

b =A(0)® + GV, (8)

where A:(8) = — (£ +GN(9)), V,,, = Vialy = Viael1, ..., 17",
G = diag(g,.....gn), and £ is the Laplacian matrix of the
communication graph.

3.4. Stability analysis

Before analyzing stability of the closed-loop system, we first
establish some preliminary results.
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Lemma 1. Let A € R"*N be a nonsingular M-matrix and
irreducible. Let D be a positive diagonal matrix. Then (A4a D)~ ! >
(A+ D), Yoz > a7 > 0.

Lemma 2. Matrix N(f) is an inverse M-matrix, for all 8 € [0, 1].
Let 64,62 € [0, 1] and 8; < 6. Then we have 0 = (AY+E)™! <
N(8;) < N(By) <Y 'A~L

Lemma 3. Suppose Assumption 1 holds and k is the unique critical
node, ie., gy > 0 and g; = 0, Vi # k. Then the matrix A.(6) in (8)
is nonsingular for any 6 € [0, 1].

Now we are ready to present one of our main results which
characterizes the steady state solution of system (8) and provides
a sufficient condition for its stability.

Theorem 1. Fix 6 € [0, 1], a constant V,4 > 0 and a critical node
kel{l.2...., N}. Suppose Assumption 1 holds and

el (Nl = 5 )

4 lezl Mk
where Ay is the second smallest eigenvalue of £, and ny = [Ny, ...,
]’ Then,

; (9)

)\2>

1. The system matrix A:(6) of (8) is Hurwitz.
2. The virtual voltages ¢; achieve consensus, i.e.,

’ % ;
lIm¢f:+m. Yi= 155 o0V
—oc j:l nkj

3. The voltage of the critical node k is regulated to the voltage
reference, i.e., lim;_,o Vk = Vi,

Proof. Part (1): According to Lemma 2, we have n; > 0. With
Assumption 1, matrix GN can be put as GN = ekni. where ey
is defined in the proof of Lemma 3 in Appendix. Since G is
undirected and connected, its Laplacian matrix £ has a simple
zero eigenvalue with an associated eigenvector 1, (Lewis et al.,
2014) and all its other eigenvalues are positive and real, and £ is a
singular symmetric M-matrix (Bierkens & Ran, 2014). Moreover,
e is not parallel to 1,, and (ﬂ,ek)(nil,\,) = ZL n; # O.
Then, according to Theorem 2.7 in Bierkens and Ran (2014), A,
is Hurwitz if the following inequality holds,

llex | 1m| | B
B < Az 1 _5. (10)

where = M‘“"l"’;' By straightforward computation, the
llewlmg 1112y |

inequality (10) can be rewritten as (9).
Part (2): Since A/(#) is nonsingular (see Lemma 3), we can
define V, = ® + A.(6)"'GV,,, which transforms the closed-loop

—rat’
system (8) into the following form

Vy = Ac(0)Vy. (11)
Since A.(0) is Hurwitz, (11) implies that

lim & = (£ + GN(6)) ' GV,

—00

Considering (€ +GN(#)) (€ +GN(#)™' =
(£ +GN(#)) ' = [by] € R¥*N, we have

E and letting
N

> aj (bi—by) =0. ie{l.....N:i#k)

i=1

N N
Z ayj (b — bjx) + Z by = 1.
pr fa
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Since the graph G(.A) is undirected and connected, there must
exist at least one nonzero element in each row of the adjacency
matrix 4. Meanwhile, it is important to note that N(f) is inde-
pendent of the communication graph, and thus aj; is independent

of by. To satisfy (12), we must have by = -+ = by = ZNI —.
i=1"kj

Thus, we have =
lim & = y1, (13)

[—00

where y = Vm,/ZJ'.V:] M. )
Part (3): When steady state is reached, i.e., & = 0, considering
(7), (8) and (13), we have

—yLly +G(V V) =0 (14)

rat —

Since £1, = 0 (Lewis et al., 2014) and only g of G is nonzero,
(14) implies Vi = Viq where k is index of the critical node. This
completes the proof. O

Theorem 1 provides a sufficient condition (9) for the stability
of the closed-loop system. More specifically, (9) implies that for
a given DC microgrid, the stability of (8) can be guaranteed by an
appropriate design of the communication network. The following
corollary shows that this condition can be guaranteed by tuning
the design parameter « of the droop controller (2), (3).

Corollary 1. Fix 8 € [0, 1], a constant V., > 0 and a critical
nodek € {1,2,..., N}. Under Assumption 1, there exists an «g > 0
such that the equilibrium point of the closed-loop system (8) is
exponentially stable for « € (g, +00).

Corollary 2. Consider the closed-loop system (8). Suppose Assump-
tion 1 and condition (9) hold. Then

(1) when 8 = 1, accurate current sharing is achieved.
(2) when 6 = 0, voltage references achieve consensus, i.e.,
lim, ooV = V) =0, Vi#]

The proof of Corollary 2 is trivial and thus omitted.

Remark 1. According to Corollary 2, distributed current sharing
control laws such as those in Liu et al. (2018), Nasirian et al.
(2015), can be regarded as special cases of the controller proposed
in this paper.

3.5. Existence of @ for prescribed Iy and Iy

The performance indices I'y and I3 given in Problem 1 are
provided by consumers or operators. Given [y and [, the range
of the trade-off design parameter 6 can be obtained by solving
the following set of inequalities

{Aﬁm(e) < iy,

5
AL (0) < 1. (1)

Before proceeding, we shall show that the steady state voltage
and current deviation ratios can be characterized via N(#) and
H(#). This is subsequently used to compute the maximum voltage
deviation ratio AV (#) and the maximum current deviation ratio
Al (8).

Proposition 1. Consider the closed-loop system (8) with Assump-
tion 1. Fix & € [0, 1] and a constant V.o > 0. Then, in steady
state,

N N
Do i — D M
- :
Zj:] 1kj

AY(6) =
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T
Case IT

Case T

Fig. 1. Solution of & of Example 1.

N N N
NYihi— 2 2 hy
N N '

Zk:] Zj:l hyg

where k is the index of the critical node.

Alg) =

Now we show through an example, for a reasonable pair of I'y
and 77, how to choose a proper trade-off parameter 6. In addition,
we show that an injudicious choice of I'y and 7 might lead to an
unsolvable problem.

Example 1. Consider the DC microgrid shown in Fig. 2, whose
parameters and settings are shown in Section 4. Let node 4 be the
critical node. This example aims to find € for two cases, i.e., Case
1: I'y = 0.02, I7 = 0.23; Case 2: I'y, = 0.015, I'7 = 0.15. For
this given DC microgrid, we first derive Y and A and let o = 25.
For Case 1, solving AY_(A) = 0.02 and Al (8) = 0.23 yields
8y = 0.857, 8} = 0.519. Fig. 1 shows that the reasonable range
of 615 (0.519, 0.857). Moreover, Fig. 1 further implies that a larger
& will bring better accuracy of current sharing, while still meets
the requirement of voltage deviation; and vise versa. By tuning 4,
we can easily get a compromised control of both current sharing
and voltage regulation. For Case 2, solving AY _(6) = 0.015 and
Al (8) = 0.15 yields 6] = 0.6409, 6} = 0.7368. Fig. 1 shows
that @ does not exist for Case 2, which means that these two
performance indices conflict for the given DC microgrid.

Now a question naturally arises. For a given DC microgrid,
how to pick a feasible pair of Iy and 7, such that there exists a
corresponding & satisfying (15)? The following theorem provides
an answer.

Theorem 2. Consider the system (1), (2) with the controller (5).
The set of inequalities (15) is solvable if

I'v > max {fi(17), 2(17)) (16)

where fi(I7) = ln(1+ DY 'A™" — Ellwo, H(17) = lIn (1 —=17)
—7 —1 o _ lLHIN

Y 'A Ells, and r;_maxH[NZ}V:]nkj 2

Proof. For a given /7, the inequality Af (@) < I is equivalent

to —[11y < Al < 171, where A! =[Al, ..., A\]". This implies

that

Pe(1— iy <P <P (14 1),

where P and T,’,’ﬁg are defined in the proof of Proposition 1 in

£ ¥ Thu Vit E T —1 4 —17pu
Appendix. Since Ig,; = I i nkleHlN and V=aY 'A P a
straightforward computation yields

E1- LY AT, <V<E14+ MY 'AT'Y,

1 Hly It further implies that
NYY g

E1—IY 'A =AY 41 <1+ MY AT,

where £(0) =
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Fig. 2. DC microgrid with 7 buses.

Thus AY . < max{fi(13), f2(I7)}. Therefore, a sufficient condition
for the existence of # is (16). O

Theorem 2 justifies the assumption in Problem 1. Now the
solvability of Problem 1 is obtained by Theorem 1, Corollary 2
and Theorem 2.

4. Simulation examples

Consider a DC microgrid consisting of 7 DGs (see Fig. 2).
The communication network among the DGs is shown by blue
dashed lines. Let the weight of each communication link be 1
for simplicity, while bearing in mind that same results hold for
general link weights. Let I" = diag(30, 30, 20, 20, 40, 40, 40) and
« = 45, The parameters of loads and transmission lines are:
R, =50 Q,R, =202, R, =262, R, =35 R, =388,
R, =232 R, =40 QR =1Q R =12, Ry =12,
Rz = 129 R =12 R =2 QR Ris =1Q,Rsg =2 L,
and Rg; = 1 Q. The rated voltage of the microgrid is set to
Vige = 380 V. During the first 0.5s, only the local droop control
(2) is applied to each DG. At t = 0.5s, the distributed secondary
controllers (5) are applied and node 3 is set to be the critical node.
Then from t = 5 s, the critical node is switched to node 5.

The simulation examples consider three cases, namely £ = 1,
# = 0 and # = 0.5. As shown in Fig. 3, accurate current sharing is
not achieved during the first 0.5s. During t € [0.5, 5)s, voltage of
the critical node V3 gradually reaches the rated value 380V; and
during t € [5, 10)s, voltage of the new critical node Vs approaches
380V. From the current sharing point of view, for Case I (see
Fig. 3(d)), the output currents of all DGs gradually reach accurate
sharing; however, for Case Il (see Fig. 3(e)), the output currents of
the DGs are not accurately shared, and Case Il (see Fig. 3(f)) has
better current sharing performance than Case II, but worse than
Case L.

The performance indices AL for Case I, I, and lII, are O,
0.2521, and 0.1652, respectively. Moreover, when node 3 is the
critical node, the performance indices AY = for Case [, II, and Il
are 0.0351, 0.0201, and 0.0245, respectively, and when node 5
is set to be the critical node, the performance indices AY = for
Case [, II, and III are 0.0339, 0.0192, and 0.0239, respectively. This
means that, from the voltage regulation point of view, Case Ill (see
Fig. 3(c)) is better than Case I (see Fig. 3(a)), and slightly worse
than Case II (see Fig. 3(b)).

5. Conclusions

This paper studied the mechanism of interaction between cur-
rent sharing and voltage regulation in DC microgrids, according
to which, a novel control method was proposed which takes
into account the degree of compromise of current sharing and
voltage consensus, and can precisely regulate the bus voltage of
a critical node. To quantify the performance of the microgrid,
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Fig. 3. The simulation results when # =0, 1, and 0.5.

we defined two performance indices, i.e. voltage and current
deviation ratios. Moreover, the existence of the trade-off factor is
illustrated by an example, and a sufficient condition on consumer
specified performance indices I'y and [7 is provided to guarantee
the existence of the trade-off factor 6. For a reasonable pair of 7'y
and I3, how to practically design # without using any information
of the electrical network will be our future work. Also, we plan
to investigate robustness of the proposed control scheme with
respect to load and parameter uncertainties, and to extend the
proposed control scheme to the problem of power, instead of
current, sharing.

Appendix

Proof of Fact 1. If all DGs reach accurate current sharing, consid-
ering (1) and (4), we have c1y = AYV, where 1, =[1,..., 1" e
RN, and c is a positive constant. Since A and Y are invertible (Dér-
fler et al., 2018), AY is nonsingular. Considering (2), (3) and (4),
we have

(AY)"Y(AY +E)1, = %v*. (17)

Clearly, if one entry V;* is fixed, ¢ is uniquely determined. The
remaining entries of V* then result uniquely from (17) and the
corresponding V is obtained uniquely.

Proof of Lemma 1. Matrices A + oD, Vi € {1, 2}, are still
nonsingular M-matrices and irreducible. Then (A + «;D)"! =
0 (Berman & Plemmons, 1994). It can be shown that
(A+aD) ' —(A+ayD)!

= (a3 — o1 )(A+ D) 'D(A + &,D) ! = 0.

Proof of Lemma 2. Matrix N(¢#) can be put as

N@) = (AY+(1—6)E) . (18)

Since Y is a nonsingular M-matrix (Dorfler et al., 2018), according
to Berman and Plemmons (1994), N(6)~! is also a nonsingular
M-matrix. Then N(#) is an inverse M-matrix. Noting that Y is

irreducible, from Lemma 1, we have (Y—i— (1 —(9,)/(1)_1 =
(Y+(—6y) A*I)fl. Further considering N(8) = (Y + (1 — )
A“fI A~1, we can show that N(6;) < N(&,). In addition, N(0) =

(AY+E) 'and N(1) = Y TA~1. Since (Y + A~1)"! = 0, N(0) =
(Y 4+ A1 TA~T > 0. This completes the proof.

Proof of Lemma 3. Suppose A, is singular, i.e., there exists a
nonzero vector X, such that Acx = 0. For simplicity, let g = 1.
let e, = [e;] € RN withe, = 1 ande; = 0,V¥i # k and
g = [, - ... My]”. Then, ean = GN(#). Considering 1%15 =0,
we have

1,enix =1} (£ +GN)x = —1,Ax = 0. (19)

Since 1Lek = 1, (19) implies that n[x = 0. Moreover, £x =
(C+emf)x = (L+GN)x = —A.x = 0. According to Lewis
et al. (2014), this implies x = 51, 1 € R. Further considering
the fact that N > 0 (see Lemma 2), we have x = 0. This
contradicts with the assumption that x # 0. Thus, A.(f) is
nonsingular.

Proof of Corollary 1. Noticing (3), matrix N in (18) can be further
rewritten as N = 1 (" 'Y + 1;—".’5)71, which tends to zero as
« — o00. Hence, the right hand side of inequality (9) tends to
zero. Further, according to the Cauchy-Schwarz inequality, we
have ZL N < VN|n|| < N|ng||, ¥N = 1. This implies that
the right hand side of the inequality (9) is always positive. Due
to the continuity of the right hand side of (9) on «, for a given
positive A3, there exists an «g > 0 such that (9) is satisfied for all
o € (g, +00).

Proof of Proposition 1. Considering (7) and (13), we have the
steady state nodal voltage V. = [V;] = lim,; .o,V = N(@)y1,.
Then
- Vi Ve D Mi— 2y My
o)== ki .
rat ijl Ny

Considering (2), (6) and (13), we have IP* = [I™] = lim,_, ,, P* =
ZH(9)1y. Thus [ = £ JN:I hij. Then straightforward computa-
tion yields
I I,Pu — _gfg N Z_?J:I hij — ZL: Z_;V:'l hy
Ai(g) = Pu = N N :
avg Zk:l Zj:1 hyg
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